A formula based on a vertex contributions of the Steiner k-Wiener index is induced by a newly introduced k-Steiner betweenness centrality, which measures the number of k-Steiner trees that include a particular vertex as a non-terminal vertex. This generalizesŠkrekovski and Gutman's Vertex version of the Wiener Theorem and a result of Gago on the average betweenness centrality and the average distance in general graphs.
Introduction
In an undirected, finite, simple and connected graph G the (geodetic) distance between two vertices u, v ∈ V (G) is defined as the length of a shortest path connecting u and v, and it is denoted by d(u, v). For many other possibilities of defining a metric space on a graph see [9] . One of the most investigated distance-based graph invariants is the Wiener index, defined as the sum of distances between all pairs of vertices of graph G:
It has been introduced by Wiener [30] in 1947, when the correlations between the boiling points of paraffins and their molecular structure has been discovered and noted that in the case of a tree it can be easily calculated from the edge contributions by the following formula:
where n(T 1 ) and n(T 2 ) denote the number of vertices in connected components T 1 and T 2 formed by removing an edge e from the tree T . Bryant and Tupper [2] , have introduced a generalisation of a metric space called diversity, as a pair (X, δ) where X is a set and δ is a function from the finite subsets of X to R satisfying two axioms: Every diversity has an induced metric, given by d(a, b) = δ({a, b}) for all a, b ∈ X. See a forthcoming book [10] for many other generalisations of finite metrics.
The classical Steiner tree problem is defined as follows: Given a set of points in a metric space, find the shortest network interconnecting all given points. Such a network is called a Steiner tree on the given set. As a geometrical problem it is in a simpler form dating back already to Fermat and later to Euler and Steiner. In the last five decades it has attracted a significant research interest, due to many applications as diverse as optical and wireless communication networks, VLSI-layout and the study of phylogenetic trees [11, 12, 28, 31] .
The Steiner diversity of a graph introduced by Chartrand et al. [4] , and called there and in the later publications Steiner distance of a graph, generalises in a natural way the concept of geodetic distance in a graph, see also [19] . The Steiner diversity δ(S) among the vertices of S ⊆ V (G) is defined as the minimum number of edges of a connected subgraph T whose vertex set contains S. Note that this set is always a tree, called a Steiner tree connecting vertices of S. If |S| = k then T is also called a k-Steiner tree on S. Vertices from S are called terminal vertices of Steiner tree T , and all other vertices of T are called non-terminal vertices of T .
For a natural number k, k ≥ 2, the Steiner k-Wiener index SW k (G) of a graph G is defined as
The average k-Steiner diversity of a graph
, where n denotes the number of vertices of G. It has been first studied in [7, 8] . An application of the k-Steiner Wiener index in chemistry is reported in [20] , where it is shown that the term W (G) + λSW k (G) provides a better approximation for the boiling points of alkanes than W (G) itself, and that the best such approximation is obtained for k = 7.
The betweenness centrality B(v) of a vertex v ∈ V (G) is defined as the sum of the fraction of all pairs of shortest paths that pass through v across all pairs of vertices in a graph:
where σ x,y denotes the number of all shortest paths between vertices x and y in a graph G and σ x,y (v) denotes the number of all shortest paths between vertices x and y in graph G passing through the vertex v. In a case when a graph models a social or communication network, as the name suggests, it measures the centrality of a vertex in a graph, by the influence of a vertex in the dissemination of information over a network. It has been independently introduced by Anthonisse in [1] and by Freeman in [13] , and among other applications has been applied to detect communities in networks [18, 26] . See [16] for a recent survey on results and problems on betweenness centrality and related notions. Vertex decomposition of the Wiener index has been studied by Caporossi et al. in [3] .Škrekovski and Gutman followed in [27] with a nice formula for a vertex decomposition of Wiener index in the case of a tree and in a case of general graphs they have provided a formula which connects vertex decomposition of a Wiener index with the betweenness centrality. In terms of the average betweenness centrality and the average distance of a graph this has been first observed by Gago in [14] and published also in [6, 15] .
The aim of this paper is to generalise results from [14, 27] to Steiner diversity by introducing k-Steiner betweenness centrality. After introducing a convenient notation in the next paragraph we follow in the second and third section of the paper with formulas for edge and vertex decompositions of the Steiner k-Wiener index of a tree. In fourth section a k-Steiner betweenness centrality is introduced and a formula for a vertex decomposition of the Steiner k-Wiener Index for general graphs is proved. In fifth section the average 3-Steiner betweenness centrality of a modular graph is expressed in terms of its Wiener index. In the last section we conclude by analogous results as in the fourth section for the total Steiner betweenness centrality and the total Steiner Wiener Index.
For a graph G let n(G) denote the number of its vertices. For a forest (acyclic graph) F with p, p > 1, (connected) components T 1 , T 2 , . . . , T p denote by N k (F ) the sum over all partitions of k into at least two nonzero parts of products of combinations distributed among the p components of F :
For a tree T we define N k (T ) = 0. Note that by the definition n 0 = 1, and n k = 0 whenever n < k. For k = 2 the notation N k (F ) coincides with the one used in [27] , but it does not necessarily coincide in the case when k = 3.
Edge decomposition of the Steiner Wiener index of a tree
For a tree T and e ∈ E(T ) let T − e denote a graph obtained by removing edge e from T . Note that T − e consists of two connected components.
Theorem 1. Let T be a tree on n vertices. Then,
Proof. The expression N k (T − e) counts how many times e appears as an edge in a Steiner tree connecting k vertices of T . Since the Steiner diversity between k vertices equals the number of edges of the k-Steiner tree connecting them, the equality in Formula 2 follows.
Since for any edge e, T − e consists of exactly two components T 1 and T 2 it follows that
and therefore in this case Formula 2 coincides with the one from [20, 22, 24] , if moreover k = 2 it coincides with the classical Wiener result from [30] .
Vertex decomposition of the Steiner Wiener index of a tree
For a tree T and v ∈ V (T ) let T − v denote a graph obtained by removing v from T . Note that T − v may consists of several components and that their number equals the degree of v.
Theorem 2. Let T be a tree on n vertices. Then,
Proof. The expression N k (T − v) counts how many times is v a nonterminal vertex of a Steiner tree connecting k vertices of T . Since the Steiner diversity between k vertices is by k − 1 greater than the number of non-terminal vertices in the corresponding k-Steiner tree, adding k − 1 for each set of k vertices, we get the sum of k-Steiner diversities between all k sets of vertices, and the equality in Formula 3 follows
Many summands in N k (T −v) might be equal to zero, since for a pendent vertex v of a tree T we have that T − v consist of only one component and therefore by the definition N k (T − v) = 0 and the same holds also when n(T i ) < l i for some i, 1 ≤ i ≤ p.
Vertex decomposition of the Steiner Wiener index for general graphs
The k-Steiner betweenness centrality B k (v) of a vertex v ∈ V (G) is defined as the sum of the fraction of all k-Steiner trees that include v as its nonterminal vertex across all combinations of k vertices of G:
where σ A denotes the number of all Steiner trees between vertices of A in a graph G and σ A (v) denotes the number of all Steiner trees between vertices of A in a graph G that include also the vertex v as a non-terminal vertex. The term "Steiner" is included in the above definition to separate our notion from the previously studied k-betweenness centrality from [21] , where k bounds the length of shortest paths between a pair of vertices.
Theorem 3. Let G be a connected graph on n vertices. Then,
Proof. For a Steiner tree T on n vertices and m edges it holds that m = n−1. Let n t and n i denote the number of terminal and non-terminal vertices respectively. If follows that m = n t + n i − 1. Therefore for A ⊆ V (G), |A| = k, and for any Steiner tree T , with n i non-terminal vertices, whose set of terminal vertices equals A, it follows that n i = δ(A) − k + 1. The sum v∈V (G)\A σ A (v) counts all possible Steiner k-trees between elements of A, which equals σ A , with multiplicity of the number of their internal vertices, which equals δ(A)−k+1. Hence it follows that
For k = 2 the Formula 4 expresses Wiener index of graph in terms of the sum of betweenness centralities of its vertices, the main result from [27] .
For a graph G on n vertices the average k-Steiner betweenness B k (G) is defined as
Corollary 4. Let G be a connected graph on n vertices. Then,
For k = 2 Equality 5 becomes Formula for the average betweenness centrality expressed in terms of the average distance of a graph, which has been observed in [6, 14, 15, 27] .
Average 3-Steiner betweenness centrality of modular graphs
The Wiener index of any graph G can be computed in polynomial time in terms of the number of vertices, and for some graph classes, like trees and benzenoid systems, even in linear time [5] . The problem Steiner Tree in Graphs is described as: Given a graph G = (V, E), a weight w(e) (a positive integer) for each e ∈ E, a subset A ⊆ V (G) and a positive integer t, is there a subtree of G that includes all the vertices of A and such that the sum of the weights of the edges in the subtree is no more than t? This problem belongs to classical NP-complete problems from [17] , and it remains NP-complete even if all edge weights are equal, and even for a graph class of hypercubes [25] . Hence for k > 2 it is not very likely to find an efficient way to compute Steiner k-Wiener index and k-Steiner betweenness centrality for general graphs. Therefore it becomes interesting to either look for lower and upper bounds, approximations in general case and exact results in particular cases. In this section we do the later.
A graph G is modular if for every three vertices x, y, z there exists a vertex w that lies on a shortest path between every two vertices of x, y, z, if moreover this vertex is unique then G is called a median graph [29] . It is easy to see that all modular graphs are bipartite. Examples of modular graphs are trees, hypercubes, grids, complete bipartite graphs, etc. The simplest examples of non-modular are cycles on n vertices, for n = 4.
The following theorem has been observed for trees in [24] and generalised to median graphs in [22] and to modular graphs in [23] .
Theorem 5. Let G be a modular graph on n vertices. Then,
Combining this with the Collorary 5 we get the following formula for average 3-Steiner betweenness centrality of a modular graph.
Corollary 6. Let G be a modular graph on n vertices. Then,
Hence for a modular graph one can compute in polynomial time the average 3-Steiner betweenness centrality.
For
and
Therefore by using Formula 6 we get that the average 3-Steiner betweenness centrality of d-dimensional hypercube equals
). Since hypercubes are vertex transitive graphs it follows that for each vertex
The total Steiner betweenness centrality
Motivated by applications of betweenness centrality in social network theory, one might be interested in all Steiner trees that include a given vertex as a non-terminal vertex. Therefore we define the total Steiner betweenness centrality (or simply Steiner betweenness centrality) B S (v) of a vertex v ∈ V (G) as the sum of the fraction of all Steiner trees that include v as its non-terminal vertex across all combinations of vertices of G: Set with n elements has 2 n − n − 1 subsets with cardinality at least two. Therefore we define the average Steiner diversity of a graph SW (G) as SW (G) = The following corollary then immediately follows.
Corollary 8. Let G be a connected graph on n vertices. Then, B S (G) = 1 n (2 n − n − 1)SW (G) − 2 n−1 (n − 2) − 1 .
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